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Nonlinear Acoustic-Pressure Responses of Oxygen Droplet Flames
Burning in Gaseous Hydrogen
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Jong Soo Kim
Environment Research Center, Korea Institute of Science and Technology

A nonlinear acoustic instability of subcritical liquid-oxygen droplet flames burning in
gaseous hydrogen environment are investigated numerically. Emphases are focused on the effects
of finite-rate kinetics by employing a detailed hydrogen-oxygen chemistry and of the phase
change of liquid oxygen. Results show that if nonlinear harmonic pressure oscillations are
imposed. larger flame responses occur during the period that the pressure passes its temporal
minimum. at which point flames are closer to extinction condition. Consequently. the flame
response function. normalized during one cycle of pressure oscillation. increases nonlinearly
with the amplitude of pressure perturbation. This nonlinear response behavior can be explained
as a possible mechanism to produce the threshold phenomena for acoustic instability. often
observed during rocket-engine tests.

Key Words: Acoustic Instability. Nonlinear Response. LOX/GHz Flame. Extinction. Thres
hold Phenomena

Nomenclature---------
Ai : Pre-exponential factor in ith reaction step
hi : Temperature exponent in ith reaction step
D, : Diffusion coefficient of jth species
E, : Activation energy in ith reaction step
H : Normalized nonlinear amplification con-

tribution as defined in Eq. (12)
h : Specific enthalpy of mixture
hj : Specific enthalpy of jth species
Ki : Reaction rate constant in ith reaction step
L : Latent heat of evaporation of liquid oxy-

gen
M : Averaged molecular weight of mixture
M j : Molecular weight of jth species
m : Radial mass flux (=purz)

n, : Number of species
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p : Pressure
Q : Total heat-release-rate as defined in Eq.

(11)

Q' : Heat-release rate per unit length

Q'" : Heat-release rate per unit volume
R : Gas constant
R : Universal gas constant
r : Radial coordinate

rf : Flame front stand-off ratio
T : Temperature
t : Time
u : Radial velocity
Vc : Correction velocity

Vi : Diffusion velocity of jth species
Wj : Net production rate of jth species
X : Mole fraction
y : Mass fraction

Greeks
e, : Thermal diffusion ratio
() : Phase difference
A : Heat conductivity of mixture
p : Density
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t/J : Phase angle
(J) : Acoustic frequency

Subscripts
a : Oscillation amplitude
B : Saturation state of liquid
f : Condition at flame
g : Gaseous state
/ : Liquid state
m : Mean
s : Droplet surface
00 : Ambience

1. Introduction

Acoustic instability occurs when pressure
oscitlations are amplified by thermal interaction
with chemical reaction (Harrje and Reardon,
1972; Culick and Yang, 1995). Although this
thermal interaction is an intrinsic process,
acoustic instability is often coupled with system
instability because the character of acoustic
modes as well as acoustic-instability tendency are
strongly dependent on design parameters, such as
chamber geometry and fuel-feed system.

In some combustion devices such as a pulse
combustor, acoustic instability is a preferred
mode to enhance combustion and heat transfer.
However, it is usually destructive to combustion
systems, particularly to aeropropulsion systems.
Continuing efforts to improve the specific impulse
of propulsion systems make the system more
vulnerable to acoustic instability. Present-day
economic constraints limit conventional
engineering practice in which a number of full
scale tests are conducted to suppress acoustic
instability. Therefore, better understanding of
physical amplification mechanism leading to
acoustic instability is required.

Acoustic instabilities may arise from any
nonlinear processes such as atomization, turbu
lent mixing, and combustion. Among these, com
bustion process is of primary interest because it is
the source of thermal energy that can amplify and
sustain acoustic oscillations. In particular, highly
nonlinear nature associated with finite-rate
chemical kinetics is capable of producing a strong

amplification. The influences of finite-rate chem
istry can be demonstrated from a recent gas tur
bine development. To reduce pollutant formation,
premixed combustion is desirable instead of con
ventional nonpremixed combustion. The physical
nature of rate control in premixed flames, instead
of diffusion control in nonpremixed flames,
strengthens the thermal coupling between com
bustion and acoustic oscillations. As a conse
quence, gas-turbine engines, which used to be
stable, become vulnerable to acoustic instabilities.

Microscopic approaches to elucidate fundame
ntal physical insight underlying acoustic
instability have been performed by adopting vari
ous simplified flame configurations such as
stagnation-point flow, counterflow, and spherical
droplet flame. These flame configurations can be
building blocks in the laminar flamelet model for
turbulent nonpremixed combustion. Effects of
chemical kinetics on the amplification
mechanisms of acoustic instabilities have been
investigated by employing many different levels of
reaction models. Strahle (1975) analyzed the
acoustic response of droplet combustion in the
forward stagnation-point region, calculating un
steady combustion that produces the impedance
of droplet-flame response to acoustic waves. The
adopted reaction model was the Burke-Schumann
limit with infinite-rate kinetics.

The effect of finite-rate kinetics on acoustic
response assuming one-step overall reaction has
been analyzed for strained diffusion flames by
employing the activation-energy asymptotics
(Kim and Williams, 1994). The results showed
that the acoustic response of strained diffusion
flame near extinction regime can lead to an order
of-magnitude increase in amplification
contributions comparing with those near equilib
rium regime because the nonlinearity of finite
rate chemistry is dominant near extinction. The
combustion of subcritical liquid oxygen (LOX)
droplet burning in stagnant gaseous hydrogen
(GH 2) has also been analyzed (Sohn et al., 1996)
to identify the phase change effect on
amplification mechanisms. It has been shown that
the gas-phase quasi-steadiness prevails from a
droplet surface to a distance in the order of
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In order to simplify the problem, following

2. Formulation

approximations and assumptions are introduced.
Since the characteristic time of droplet surface
regression is larger than that of molecular diffu
sion of heat and mass by an order of Pl/ pg and
the unsteadiness associated with droplet surface
regression becomes significant in the far field
approximately located r/r.~(PI/Pg)1/2 (Crespo
and Liiiin, 1975), gas-phase quasi-steadiness
compared to surface regression can be adopted.
This assumption can be better justified for oxygen
droplets with the flame front stand-off ratio much
smaller than hydrocarbon droplets. Oxygen
droplet flames burning in gaseous hydrogen, thus,
exhibit a better quasi-steadiness in the near-field
region where all the dominant processes including
chemical reactions and transport phenomena take
place. Consequently, droplet diameter can be
considered to be instantaneously constant in the
numerical calculation in the framework of diffu
sion-time scale. Although quasi-steadiness
prevails in oxygen droplet flames, the resulting
governing equations are treated as unsteady to
account for pressure oscillations imposed on
droplet burning.

By neglecting natural and forced convections,
the analysis reduces to one-dimensional in the
spherical coordinate. When droplet burning
occurs at sufficiently subcritical pressure range, it
has been found that the gas phase can be assumed
ideal (Sohn et al., 1998). The phase change is at
the equilibrium vaporization with pressure.
Finally, the effect of viscous dissipation is
neglected under low Mach number condition of
droplet flames. The corresponding schematic dia
gram of droplet flames considered in the present
analysis is shown in Fig. I.

The conservation equations for the mass,
momentum, energy and species, and the equation
of state are as follows:
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surface

Fig. 1 Schematic of oxygen droplet combustion in
gaseous hydrogen environment

.;p,f pg r.::I:;O(50)r.. Unlike hydrocarbon dro
plet flames burning in air, the chemical reaction
zone of LOX droplet flames burning in gaseous
hydrogen is located much closer to the droplet
surface, so that the quasi-steadiness can be better
justified in LOX-GH2 flames. Immediately after
the start-up period of rocket engines, the statisti
cal property of droplet diameter distribution
becomes stationary. Then, the analysis assuming
gas-phase quasi-steadiness can be interpreted in
the Eulerian sense, in which statistically identical
droplet flames pass a fixed control volume. These
asymptotic analyses (Kim and Williams, 1994;
Sohn et al., 1996) with one-step overall reaction
are restricted to linear stability considering a
small amplitude of pressure oscillation.

As a further extension, the present study
accounts the effects of detailed kinetic mechanism
and of nonlinear behaviors of latent heat and
saturation temperature with pressure during the
phase change of oxygen. A 19-step detailed hy
drogen-oxygen chemistry (Maas and Warnatz,
1988) replaces one-step overall chemistry used in
the aforementioned analyses. By adopting numer
ical approach, nonlinear responses from a finite
amplitude of pressure oscillation can be
investigated.
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The reaction rate of jth species, denoted by Wj, is
the summation over all ith-steps involving jth
species.

The boundary conditions are
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Fig. 2 Latent heat and saturated temperature of liq
uid oxygen as function of pressure

Variation of the saturation temperature, TB•LOX,

and the latent heat of LOX, L, with respect to
pressure are shown in Fig. 2 (Sychev, 1987). As
the pressure increases, the latent heat decreases
moderately in the subcritical range of pressure.

Numerical calculations are performed based on
the algorithm developed by Smooke (1982). A

finite volume method is used to satisfy the con
vergence of independent variables at each node,
and the Crank-Nicolson method and implicit
method are optionally chosen for time integra
tion. These are solved by using the modified
Newton-iteration method, in which the com
putation time has been reduced by periodically
calculating the Jacobian Matrix.

Steady-state characteristics of droplet flames
are calculated at various pressures to obtain basic
flame response. An inverse numerical method is
employed, in which the flame structures are
calculated as a function of maximum temperature
instead of droplet diameter. Since flame structure
is a single-valued function in the parameter space
of maximum temperature, the inverse numerical
method enables us to calculate flame structures
beyond an extinction condition, where the con
ventional flame code fails to converge because of
the high sensitivity of flame structure with respect
to droplet diameter. This inverse numerical meth
od provides flame structures near extinction with
an improved accuracy, where flame responses to
acoustic pressure oscillations are expected to be
significant. Using the method, flame structures are
also calculated as a function of pressure in order
to demonstrate basic response behavior of flames

(9)
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M=(i1Yj/Mj) (8)

where the radial mass flux m is deflned as m=
our" and PtA, ptJ and aJ are the mean pressure, the
amplitude and frequency of pressure oscillations.
The speciflc enthalpy of mixture h, the diffusional
velocity ~, and the average molecular weight of
mixture Mare

Here, the Soret effect is included since the thermal
diffusion of hydrogen molecule and radical are
non-negligible in hydrogen-oxygen flames. The
correction velocity Vc is included to ensure 2:~1

Yj~=O. Thermodynamic and transport proper
ties are calculated from the CHEMKIN-ll (Kee
et aI., 1989) and the TRANSPORT package (Kee
et aI., 1983), respectively.

The hydrogen oxidation mechanism (Maas and
Warnatz, 1988) is employed in this study, where
the specific reaction-rate constant k i of the ith
reaction step is given in the Arrhenius form

r -+ 00 : T -+ T... : steady case

ah ap. '11'e-ar=-at . OSCI anon case

Yj -+ Yj....=aU-GHz)

where the delta function is defined as au - ])= I

U=]) or 0 U*"]).
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to pressure oscillations.
Special consideration has been taken in treating

the boundary conditions at the far field. The
profiles of temperature and species mass fractions
decay algebraically, that is, decaying proportional
to l/r. Such a slow convergence requires ex
tremely large calculation domain to achieve suffi
ciently accurate far-field solutions. In order to
circumvent this problem, the Dirichlet boundary
conditions at infinity in Eq, (10) is replaced by
weak boundary conditions, by applying
asymptotic behavior at the far-field through
convective-diffusive balance. By using this tech
nique, sufficiently accurate solutions can be
obtained with much reduced calculation domain
size compared to the original problem, e. g., the
domain of r/r.~ 1000.

3. Steady-State Flame Structure

Prior to analyzing the acoustic response of
oxygen droplet flames to pressure oscillations, it
is helpful to examine steady-state flame
structures. Oxygen droplets injected in GH 2-LOX
rocket engines have various diameters ranging
from submicrometer to millimeter order. Since the
characteristic diffusion time of droplets can be
expressed as ri/D, i.e., being proportional to the
square of droplet diameter, the droplet combus
tion occurs in various chemistry regimes from
near-equilibrium regime to near-extinction re
gime depending on droplet diameter (Law, 1975).
The near-equilibrium regime is dominant for
larger droplet flames, whereas the near-extinction
regime is prevalent to droplet flames, whose
droplet diameters are close to the extinction
droplet diameter.

The resulting profiles of LOX droplet flame
structures with various droplet diameters are
obtained for T...=500 K and P.= to atm, at
which TB.Lox=1l9.63 K and L=173.6 kJ/kg.
The typical profiles of the temperature T and the
heat-release rate per unit volume Q'" are shown
in Fig. 3 for rs= 1 mm, which corresponds to the
near-equilibrium condition.

For hydrogen diffusion flames, the flame
structure is composed of a thin chain branching
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Fig. 3 The radial profiles of temperature T, heat

release rate per unit volume Q'" and heat
release rate per unit radial distance Q' for
r.= 1.0 mm, T..=SOO K and P.= lOatm

zone embedded into a relatively broad
recombination zone outside of which are non
reactive diffusive-convective zones for fuel and
oxidizer transport (Chung and Williams, 1990).
In the chain branching zone, the hydrogen-oxy
gen shuffle reactions of steps I to 4 are dominant.
Thermal energy is mainly produced in the
recombination zone (Lee et al., 1995). The
dominant heat releasing steps in the
recombination zone located on the oxidizer side
of the chain-branching zone are (8) H+02+M
+-+ H02+M and (13) H02+0H +-+ H20+02_
While the steps (5) H + H + M +-+ H2+ M and (6)
H +OH + M +-+ H20+ M are dominant in the fuel
side due to the abundance of H-radical.

Examining the temperature and heat-release
rate per unit volume in Fig. 3, two points are
worthy of note. First, since the stoichiometric
hydrogen to oxygen mass ratio is small, maximum
temperature occurs at r / rs=2.6. The parameter
which determines the validity of gas-phase quasi
steadiness is the ratio of the liquid droplet density
to the ambient gas density. For LOX droplet
burning at to atm and T...=500K, the liquid and
ambient densities are Pl=9.7506 X 1O-1g/cm3 and
pg=4.84927 X 1O-4g/cm3

, respectively. As menti
oned previously, the gas-phase quasi-steadiness

prevails for r/rs~Jpl/Pg ::::;45, thus the quasi
steadiness can be justified for LOX -GH2 droplet
flames.

Secondly, Q'" shows somewhat different
behavior compared with that of counterflow dif-
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Fig. 4 Variations of heat-release rate per unit radial
distance Q' in the radial coordinate for vari
ous values of the oxygen droplet radius

fusion flames. For counterflow hydrogen-oxygen
diffusion flames, it is predicted that two local
maxima of heat-release rate exist on each side of
the chain-branching zone (Lee et aI., 1995).
However, Q'" in the present study exhibits only
one local maximum near Y / Y.= 1.3 in the
oxidizer-side of the chain-branching zone. Since
transport processes, thereby, heat release in
droplet flames occurs in spherical symmetry, the
heat-release rate per unit radial distance is
defined as Q'=41Cy2Q"'. The profile of Q' in Fig.
3 shows two local maxima corresponding to each
side of the chain-branching zone. Therefore, the
radical-recombination reactions exhibits similar
contributions to total heat release as found in
counterflow diffusion flames.

The profiles of Q' for various droplet radii are
shown in Fig. 4. The characteristic diffusion time
decreases with the square of the droplet radius,
and so does the Damkohler number. The effect of
finite-rate chemistry becomes operative for
smaller droplet flames because of their shorter
diffusion time. As a consequence, the peaks cor
responding to the two local maxima of Q' for
flames with a smaller- droplet diameter become
less distinguishable than those for flames with a
larger droplet diameter and the peaks move closer
to droplet surface, implying that there are signifi
cant leakage of the reactants, especially hydrogen,
through the reaction zone. This is in conformity
with the prediction of asymptotic analysis (Lee et
aI., 1995).

The overall steady-state behavior of oxygen

droplet flames is shown in Figs. 5 and 6. Droplet
diameter or pressure is obtained as an eigenvalue
of the problem with a pre-specified maximum
temperature using the inverse numerical method.
Variations in the maximum flame temperature
with various droplet sizes are plotted at several
combustion-chamber pressure in Fig. 5. The ex
tinction droplet diameter, corresponding to turn
ing points, decreases with increasing chamber
pressure, indicating that droplet flames at low
pressures are easier to be extinguished.

Variations of the flame temperature with
pressure, at various specified droplet diameters,
are shown in Fig. 6. This plot is particularly
useful in demonstrating the sensitivity of flame
response with pressure, thereby could provide a
qualitative description of the interaction
mechanism of flame to pressure perturbation.
Droplet flames with fixed droplet diameter can be
extinguished by reducing ambient pressure, which
can be identified by the turning points of the
upper branch of S'-shaped curves.

The magnitude of slope of maximum tempera
ture with respect to pressure, which can be an
indicator of flame sensitivity to pressure varia
tion, increases as pressure decreases towards ex
tinction pressure. This results for steady-state
flame structure imply that the effect of finite-rate
chemistry is more significant at low pressures.
Also, the pressure-sensitivity suggests that the
flame responses to acoustic oscillations are
expected to be larger at low pressure and that a
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larger portion of the acoustic amplification con
tribution could arise when an acoustic pressure
oscillation passes its minimum pressure.

4. Acoustic Response of Oxygen
Droplet Flame

The contributions of droplet flames to acoustic
instability can be judged by the Rayleigh criterion
(Rayleigh, 1945). It states that acoustic
amplification occurs if, on the average, heat is
added in phase with pressure oscillation. The
acoustic responses of oxygen droplet burning in
gaseous hydrogen environment are examined for
both near-equilibrium and near-extinction
regimes.

It is to be noted that droplet flames may
experience a substantial decrease in droplet di
ameter during pressure oscillations, although gas
phase unsteadiness does not playa major role in
determining the flame structure as well as the
flame response behavior. Therefore, the present
results do not represent the acoustic response
behavior of a single droplet in a Lagrangian
sense, that is, in a moving coordinate attached to
a droplet. Immediately after the start-up period of
rocket engines, the statistical properties of droplet
diameter distribution become stationary. Thus,
the present results, obtained with constant droplet
diameters, are to be interpreted in the Eulerian
sense, in which statistically identical droplet
flames pass a fixed control volume.

In order to understand the acoustic response of

droplet flames, it is necessary to compare two
characteristic times. One is the characteristic
acoustic time, defined as the reciprocal of the
acoustic frequency, and the other is the
characteristic diffusion time of droplet flame. If a
characteristic diffusion time is much shorter than
a characteristic acoustic time, the flame tends to
respond to pressure oscillations in a quasi-steady
manner. In other words, the flame can rearrange
its structure in a time scale comparable to the
characteristic diffusion time. Then, the instantan
eous flame structure should be very close to the
quasi-steady flame structure corresponding to the
instantaneous pressure. Consequently, the flame
response would not exhibit any significant phase
lag. In contrast, if a characteristic diffusion time is
longer than a characteristic acoustic time, the
flame could exhibit a noticeable phase lag with
respect to pressure oscillation.

Corresponding to the imposed harmonic
pressure variation given in Eq. (2), the acoustic
response of a near-equilibrium droplet flame
(rs= I mm) for various oscillation frequencies,
namely a fast oscillation (104 Hz), an intermediate
oscillation (lQ2 Hz), and a slow oscillation (l

Hz), is shown in Fig. 7 as a function of the phase
angle, ,p. The response is represented in terms of
Qa/ Qm where Q is the total heat-release rate
defined as

where the subscript m denotes the steady-state
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occurs, the acoustic response will lead to an
amplifying contribution only if the phase lag,
normalized between ± 180°, falls into the phase
angle between -90° and +90° according to the
Rayleigh criterion. Thus, l~ Hz oscillation could
have an attenuation effect, while I Hz and l~ Hz
have amplification effects.

The response of a flame in near-extinction
regime (r.= 1.5p.m) is shown in Fig. 8. Since the
characteristic diffusion time is much smaller than
the acoustic time of both the fast and slow
oscillation cases, the flame is capable of
responding immediately to the pressure
oscillations. Consequently, the fast, intermediate,
and slow oscillation cases do not show any no
ticeable phase lag and exhibit almost identical
response variations. This result implies that
flames near extinction always have amplification
effect, unless unrealistically high acoustic fre
quencies are imposed.

Acoustic responses to imposed pressure
oscillation with various values of the pressure
oscillation amplitude Pa are shown in Fig. 9 for
(0= l~ Hz, r.= 1.5p.m, and Pm= lOatm. Since the
characteristic acoustic time is much longer than
the characteristic diffusion time, no significant
phase lags are observed, thereby exhibiting only
the amplification contribution. When the pressure
oscillations pass their minimum values, the
droplet flames are closer to extinction. As a result,
the fluctuations of the total heat-release rate, Qa,
are seen to be much greater near the phase angle
of ¢=270° compared to those of ¢=90°, espe
cially as Pa increases. In addition, the case of Pa=
1.7 atm shows that the flame can be extinguished
if Pa is greater than a certain critical amplitude.
The intensity of chemical reaction, especially in
the near-extinction regime, is very sensitive to
pressure variation. Thus, an excessive decrease of
pressure leads to flame extinction.

For a near-extinction flame with Pm= 10 atm
and r.= 1.5p.m, Fig. 10 shows the critical
amplitude of pressure oscillations, PalPm, as a
function of acoustic frequency, above which
flames are extinguished during pressure
oscillation. When the acoustic frequency is low,
the critical amplitude, Palp«; is seen to be almost
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Fig. 9 Variations of the normalized heat-release
responses for various amplitude of the
pressure oscillation
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Fig. 8 Responses of total heat-release rate of a near
extinction flame for slow, medium and fast
pressure oscillations

corresponding to Pm and the subscript a denotes
the acoustic part, i.e., the difference between the
transient state and the steady state.

With increasing pressure, the latent heat of
liquid oxygen decreases, thus the mass flux from a
droplet surface to a reaction zone increases,
resulting in an increase of the total heat-release
rate Q. If the characteristic acoustic time is much
longer( I Hz) than the characteristic diffusion
time, an increase(decrease) of the total heat-re
lease rate Q occurs without having a noticeable
phase lag with pressure increase(decrease), as seen
from an excellent synchronization in Fig. 7. If
the characteristic acoustic time is comparable or
much shorter with the characteristic diffusion
time, thermal energy is released with some phase
delay with respect to pressure oscillation. Conse
quently, the cases of l~ Hz and 104 Hz show 50°
and 95° delay, respectively. When phase lag
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Fig. 10 Variations of the critical amplitude of the
pressure oscillation to achieve flame extinc
tion as a function of the acoustic frequency

invariant to acoustic frequency. However, as
acoustic frequency increases, approximately
above IOSHz, the critical amplitude of pressure
oscillation increases rapidly. This can be caused
by the unsteady effect which tends to impede
flame's response to external pressure variation as
frequency increases, thereby delaying flame ex
tinction to a higher amplitude.

In order to evaluate the overall nonlinear
amplification contributions of flames throughout
one complete oscillation cycle, the heat-release
-rate fluctuation is normalized in the form

H=[r [Q,.IQ",]sin(21rwt)dt (12)

According to the Poincare-Lindstedt principle, as
demonstrated by Culick (1963) for rocket engines
and by Margolis (1993) for pulse combustors, the
linear amplification rate can be defined as the
slope of H times Q", with respect to p,. at p,.=O,
i.e., Q", [dHldp,.] p,.=O. This type of the flame

response function is ideal to apply to the acoustic
-amplitude equation, which can be obtained by
time-averaging the harmonically-decomposed
conservation equations over an oscillation cycle.
The variation of H with the normalized acoustic
amplitude p,.1p", is shown in Fig. 11 with the
same conditions corresponding to Fig. 9.

The characteristics of the heat release response
are seen to be quite nonlinear in that the increase
of H with increasing p,. becomes greater as p,.
becomes larger. The value of H is expected to
become zero beyond the critical value of acoustic

pressure amplitude p,. = Pe. Such response
behavior can also be deduced from the steady
flame structure shown in Fig. 6, in which greater
nonlinear heat release response occurs when the
instantaneous pressure passes near the minimum.
As the acoustic amplitude increases, the flame
becomes closer to extinction during the passage of
the minimum pressure, so that the increase of H
becomes greater. If p,. is greater than a critical
value, which is 1.66atm in this calculation, then
the chemical reaction during the passage of the
minimum pressure is too weak to support the
flame. Therefore, the flame is extinguished and
the flame response vanishes.

The present results of nonlinear flame response
can be viewed as a possible mechanism to pro
duce the threshold phenomena discussed in the
work of Clavin et al. (1994), in which acoustic
instabilities can be triggered only by acoustic
perturbations with amplitudes greater than a
certain threshold amplitude. To show this possi
bility, three different damping response lines, each
corresponding to strong, weak, and intermediate
damping, are indicated in Fig. 11 by the dotted
line, dashed line, and chain dotted line, respec
tively.

Although it is not essential, the damping lines
are approximated by linear functions of pressure
-oscillation amplitude. In principle, the
amplification rate as well as the damping rate can
be expressed by polynomial functions with odd
powers. For many applications, a polynomial
function with linear and cubic terms is sufficient
to approximate damping rate. Since the
nonlinearity associated with acoustic damping is
generally much weaker than that of chemical
reaction, the cubic nonlinear term in damping
rate is expected to be effective much later than the
nonlinear effects from finite-rate chemistry.
Therefore, the damping rate is approximated as a
linear function. The stationary amplitude of
acoustic pressure oscillation can be found from
the intersection of the amplification and damping
lines, at which the effects of damping and
amplification can balance each other.

First, consider the case of strong damping
which is marked stable in Fig. 11. The only
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Fig. 11 Variations of the nonlinear heat-release response with normalized acoustic-pressure amplitude for 78=

I. 5,um, (0= IQ2Hz and P..= 10 atm. Interaction with intermediate damping exhibits metastable
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intersection between the amplification and
damping rates occurs at Pa=O. This implies that
any acoustic perturbation is attenuated and the
system is stable. For the case of weak damping,
there are intersections at Pa=O and at Pa=Pe, and
only the intersection at Pa=Pe is stable. There
fore, all acoustic disturbance will eventually
converge to Pa=Pe, and the system is always
unstable. The third case corresponds to the inter
mediate damping, in which two stable
intersections at Pa=O and Pa=Pe are separated by
an unstable one at Pa=Pt. If the initial amplitude
of a disturbance is greater than Ph the acoustic
amplitude converges to Pe. Otherwise, the
disturbances are attenuated. Consequently, the
system is meta-stable and exhibits threshold
behavior.

Clavin et al. (1994) have demonstrated that
such a meta-stable acoustic system can exhibit a

bimodal distribution for the amplitude of acoustic
waves. It is also worthy of note that, though the
nonlinear response shown in Fig. II is calculated
from a droplet-flame model, such response
behaviors are expected from any type of flame
configurations exhibiting high sensitivity near ex
tinction.

5. Concluding Remarks

The structures and nonlinear acoustic-pressure
responses of subcritical liquid-oxygen droplet
flames burning in heated gaseous-hydrogen have
been numerically studied by employing a detailed
hydrogen-oxygen chemistry. The results of the
quasi-steady flame structure analysis show that
the droplet fames can be extinguished by reducing
the chamber pressure sufficiently. The response
sensitivity of flames to pressure perturbations,
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measured in terms of the slope of the maximum
temperature with respect to pressure, increases as
pressure decreases toward an extinction pressure.

The nonlinear responses are examined by im
posing harmonic pressure perturbations with var
ious amplitudes on droplet flames in both the
near-equilibrium and near-extinction regimes.
The heat release for near-extinction LOX droplet
flame always responded to pressure oscillations
without noticeable delay, since the characteristic
diffusion time of near-extinction droplet flame is
much shorter than the typical value of
characteristic acoustic time. In addition, a larger
flame response occurs during the passage of min
imum pressure because flames near extinction are
more sensitive to pressure fluctuations. Conse
quently. the flame response, normalized during
one complete oscillation cycle, increases with
much faster rate than the rate of increase in the
amplitude of pressure oscillation. This nonlinear
response behavior can be interpreted as a possible
mechanism in generating the threshold pheno
mena observed during rocket-engine tests.
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